We have investigated numerically the dynamics of quantum Fisher information (QFI) and quantum entanglement (QE) of a two moving two-level atomic systems interacting with a coherent and thermal field in the presence of intrinsic decoherence (ID) and Kerr (non-linear medium) and Stark effects. The state of the entire system interacting with coherent and thermal fields is evaluated numerically under the influence of ID and Kerr (nonlinear) and Stark effects. QFI and von Neumann entropy (VNE) decrease in the presence of ID when the atomic motion is neglected. QFI and QE show an opposite response during its time evolution in the presence of a thermal environment. QFI is found to be more susceptible to ID as compared to QE in the presence of a thermal environment. The decay of QE is further damped at greater time-scales, which confirms the fact that ID heavily influences the system's dynamics in a thermal environment. However, a periodic behavior of entanglement is observed due to atomic motion, which becomes modest under environmental effects. It is found that a non-linear Kerr medium has a prominent effect on the VNE but not on the QFI. Furthermore, it has been observed that QFI and QE decay soon under the influence of the Stark effect in the absence of atomic motion. The periodic response of QFI and VNE is observed for both the non-linear Kerr medium and the Stark effect in the presence of atomic motion. It is observed that the Stark, Kerr, ID, and thermal environment have significant effects during the time evolution of the quantum system.
Introduction
Quantum entanglement (QE) is a very mysterious and basic phenomenon of quantum mechanics that describes the correlations between two or more quantum systems [1] . QE most of the time is not only a puzzle but also a resource for quantum information processing (QIP) such as quantum teleportation [2] and quantum metrology [3] . These quantum-information processes depend on entangled states and it is not possible to carry them out with classical resources. This identification has been applied to intensive research for mathematical calculations that would allow a proper quantification. QE can be measured by standard methods such as von Neumann entropy (VNE) [4, 5] and Fisher information (FI) [6] [7] [8] . The QE of a quantum state can be checked by these measurement tools. Quantum Fisher information (QFI) has a wide application in quantum metrology, which calculates the accuracy of parameter estimation with respect to the quantum Cramer-Rao inequality [9, 10] . Recently, QFI has been extensively studied in different fields, which include the study of uncertainty relations [11, 12] , the calculation of quantum speedup limit time [13] , the properties of quantum phase transition [14] , and the measurement of entanglement [43] .
In this present paper, our main focus is to investigate the QFI and QE of two two-level moving atomic systems interacting with a coherent field and a thermal field in the presence of ID, a Kerr medium, and a Stark shift. We have calculated the VNE and QFI of the two two-level atomic systems in the presence of atomic motion and without atomic motion. Here, we use QFI, based on a symmetric logarithmic derivative (SLD) operator, to quantify entanglement of two moving two-level atomic systems interacting with a single-mode coherent and a thermal field under the influence of ID. This study mainly focuses on the time evolution of QFI and VNE under the influence ID for moving and non-moving two two-level atomic systems interacting with a coherent and thermal field. The time evolution of the wave function of the complete system is numerically evaluated. Then, the dynamics of the two two-level atoms by considering QFI and VNE are discussed in detail. It is deduced from the numerical results that both the ID and the thermal environment play an important role during the time evolution of the quantum system. QFI and QE show an opposite response during its time evolution in the presence of the thermal environment. The time evolution of QFI is found to be highly sensitive to ID as compared to the QE. Furthermore, the degree of entanglement changes drastically when we increase the ID parameter in the absence of atomic motion. The increased damping behavior of QE validates the basic fact that the system is more prone to ID for greater time-scales in the absence of atomic motion. We study the dynamics of QE and QFI for two two-level atomic systems under the influence of a Stark shift and a non-linear Kerr medium. The time evolution of QFI and entanglement for two three-level atomic systems influenced by the Stark effect and the non-linear Kerr-like medium is investigated. It is found that the Stark effect and the non-linear Kerr medium play dominant roles during the time evolution of the quantum system. The effect of the non-linear Kerr medium is more prominent on the QE as compared to the QFI. Similarly, the Stark effect strongly influences the QE of the two two-level atomic systems. The QFI and QE evolves with time as we increase the Stark effect parameter. Finally, the quantum system is found to be highly sensitive to these environmental influences.
In Sections 2 and 3, we briefly introduce QFI, VNE, and their formulas related to numerical calculations. The Hamiltonian of the system and dynamics are presented in Section 4. In Section 5, we present detailed results and numerical discussions. In Section 6, we present a brief conclusion.
Entanglement and Quantum Fisher Information (QFI)
VNE is the most efficient and basic QE measurement tool when the quantum system is in a pure state, so VNE is used to measure entanglement between the field and the two atoms. The VNE is presented in the form of eigenvalues of the atomic density matrix as [5, 53] 
where r i are the eigenvalues of the atomic density matrix ρ AB . The QFI gives the maximum information about the estimated parameter, and the QFI, which is related to θ, can be represented as [54] [55] [56] 
where λ k > 0, λ k + λ k > 0, λ k , and λ k are representing the eigenvalues of the density matrix of state ρ, and k and k are the corresponding eigenvectors. The first term in Equation (5) is classical Fisher information, and the second term represents its quantum counterpart. In this fashion, we can define the atomic QFI of a bipartite density operator ρ AB. in terms of θ as [57] 
where L(θ, t) is the quantum score [58] (the symmetric logarithmic derivative), which can be found as
Intrinsic Decoherence Model
In real practical situations, any quantum system which is said to be open can never be completely isolated from the environment. Milburn [31] gives a simple model of ID by making a modification in standard quantum mechanics. He supposed that, on a sufficiently small time scale τ, the system state takes the form
with a probability of ρ(t). The master equation presenting the ID under the Markovian approximations is given by
where γ is the ID parameter. The above master equation can be expressed by the conventional solution as given below
where ρ(0) is the density operator of the initial state and M k is defined as
The System Hamiltonian and Its Dynamics
The total HamiltonianĤ T under the RWA for a specified system can be described as [59] 
whereĤ Atom−Field is representing the Hamiltonian for the non-coupling atom and field, and the interaction part is given byĤ I . We will writeĤ Atom−Field aŝ
where |0 is the excited state, and |1 is the ground state of the two-level atom. Index k labels the atom andσ j,j = |j j| is the population of the jth state. υ is the frequency of oscillation. The interaction Hamiltonian of the two two-level atomic systems for the case that is not resonant can be given as [60, 61] 
We can define the detuning parameter for the two-level atom as
In the case of the non-linear Kerr-like medium, the interaction Hamiltonian can be written aŝ
and when the Stark effect is included in the interaction Hamiltonian, it can be written aŝ
where σ 0 is the identity matrix, which is given below
and Ω(t) represents the shape function of the cavity-field mode and atomic motion is along the [62] z-axis. A realization of particular interest is
where the coupling constant for the atom and field is G, v denotes the atomic motion velocity, η is equal to the number of half wavelengths of the mode in the cavity, and L represents the cavity length in the z-direction. The atomic motion velocity is given as v = λL /π, which leads to
The optimal input state after the phase gate operation for the two two-level atomic systems interacting with a single-mode cavity field can be written as
where |1 is the ground state, |0 is the excited state of an atom, and α is the coherent state of the input field given as
The optimal input state for the two two-level atomic systems interacting with a thermal field can be written as
where ρ f (0) is the state of input thermal field. We have used thermal state as the input field state in the atom field interaction of the two two-level atomic systems, which is given as
where |n is the fock state, and
wheren is the mean photon number and is given as
where k B is the Boltzmann constant, ω f is the frequency of cavity mode, and T is the temperature. The wave function |Ψ(t) in terms of unitary time evolution operatorÛ(t) can be written as
whereÛ(t) is given by
where |ϕ z (t) and E z (t) are eigenvectors and eigenvalues of the Hamiltonian H I , respectively, and γ is the ID parameter. QFI is calculated numerically for the atom-field density matrix given beloŵ
One can write the explicit expression of the density matrix aŝ
The density matrix can also be written as [63] 
where E m,n and Ψ m,n are the eigenvalues and corresponding eigenvectors of H I , respectively. Now, the effect of different environmental parameters γ, θ, and p on the dynamics of QFI and VNE is discussed in detail in the next section.
Numerical Results and Discussions
In this section, we will present results of the time evolution of QFI and VNE of a system of the two two-level atomic systems interacting with a coherent field and thermal field under the influence of Stark, Kerr (non-linear), and ID effects. For our convenience, we scaled out the time t, i.e. one unit of time is described by the inverse of the coupling constant G. Initially, we investigate the time evolution of QFI and VNE for two two-level atomic systems interacting with coherent and thermal fields under the influence of ID, a (non-linear) Kerr medium, and a Stark effect with and without atomic motion. In Figures 1 and 2 , we plot the QFI and VNE as a function of time for the two two-level atomic systems interacting with a coherent field under the influence of ID for |α| 2 = 6, γ = 0, 0.0001, and 0.001 for phase shift φ = 0, π/4 and atomic motion parameter η = 0, 1. A monotonic relationship between QFI and QE is seen when atomic motion is neglected. It is considered that, as the value of ID parameter is increases, there is decay in both QFI and VNE. This means that QE decreases as the value of ID parameter is increased. The QFI and VNE show periodic response in the presence of atomic motion, and there is no effect of ID on QE in the presence of atomic motion. In Figures 3 and 4 , we plot the QFI and VNE as a function of time for the two two-level atomic systems interacting with a thermal field under the influence of ID for |α| 2 = 6, γ = 0, 0.0001, and 0.001 for phase shift φ = 0, π/4 and atomic motion parameter η = 0, 1. It is found that the presence of a thermal environment leads to the suppression of QFI during its time evolution without atomic motion in the presence of ID. It is observed that QFI and VNE are highly affected by the thermal field under the influence of an ID, and a decrease is observed in both QFI and VNE. QFI and entanglement exhibit an opposite behavior during the time evolution. A drastic decrease is observed in the behavior of QE due to ID in the presence of a thermal environment. Furthermore, adding the effect of a thermal environment weakens the ID. The damping behavior of entanglement is seen under ID for greater time-scales. The decay of QE is suppressed in the presence of a thermal environment. Therefore, the ID and thermal environment are found to suppress the non-classical effects of the quantum system. However, QE and QFI saturate to a lower level for longer time-scales under environmental influences. Paying attention to the effect of atomic motion parameter η, it is observed that an increase of this parametric quantity and ID results in descending the purity of the state of the system. We find that the QFI and QE show an opposite response during the time evolution in the presence of atomic motion. It is shown that the atomic motion destroys the monotonic correlation between QFI and QE. The periodic behavior of QE in the presence of atomic motion becomes modest under environmental effects. Finally, according to our numerical results, the decaying of QE becomes faster in a thermal environment as compared to the decay induced by ID. Moreover, these results can be useful to perform long-distance quantum communication, especially when long-living QE is needed and the effect of environments cannot be neglected. In Figures 5 and 6 , we plot the QFI and VNE as a function of time for two two-level systems interacting with a coherent field for |α| 2 = 6 and the phase shift parameters φ = 0 (left panel) and π/4 (right panel) for different values of χ (non-linear Kerr medium) with and without atomic motion, i.e., η = 0, 1. The effect of the non-linear Kerr medium is found to be more prominent on the QE as compared to the QFI in the absence of atomic motion. It is seen that the non-linear Kerr medium plays a dominant role during the time evolution of the quantum system. The periodic behavior of QFI and QE is further suppressed under the effect of the non-linear Kerr medium. These results show the strong dependence of QFI and QE on the non-linear Kerr medium. It is observed that, at χ = 0.3, t increases, but as time evolves it is saturated. In the case of χ = 1, 3, VNE decreases, but this decrease become saturated as time evolves. Hence, it is concluded that at higher values of Kerr parameter, the QE decreases as compared to the lower values. However, the non-linear Kerr medium has no prominent effect on QFI at higher and lower values of Kerr parameter. In the presence of atomic motion, both QFI and VNE show periodic behavior. In Figures 7-10 , we plot QFI and VNE as a function of time for two two-level atomic systems interacting with a coherent field for |α| 2 = 6 and the phase shift parameters φ = 0 (left panel) and π/4 (right panel) for different values of β (Stark shift) with and without atomic motion, i.e., η = 0, 1, respectively. It is found the Stark effect strongly influenced the entanglement of the two two-level atomic systems. It is observed that at β = 0.3, in the absence of atomic motion, the QFI decreases as time evolves, but VNE increases; however, at β = 1, 3, the periodic behavior of QFI and VNE is observed. Therefore, at higher values of β, the QE is sustaining but at lower values of β, it decreases. In the presence of atomic motion, QFI and VNE show a periodic response at different β values, so increasing β value in the presence of atomic motion does not effect the QE. Finally, the quantum system is found to be highly sensitive to these environmental influences. 
Conclusions
In summary, we studied the dynamical evolution of QE and QFI for two moving two-level atoms interacting with coherent and thermal fields in the presence of ID. The time evolution of the entire system interacting with coherent and thermal environments is investigated numerically. It was seen that ID and a thermal environment play critical roles in the time evolution of the quantum system. Both QFI and VNE decreased as we increased the ID value in the absence of atomic motion, but showed periodic behavior in the presence of atomic motion. QFI and QE exhibited an opposite behavior in a thermal environment. QFI was found to be more prone to ID as compared to the entanglement in the presence of a thermal environment. QE drastically decreased when we increased the value of ID in the absence of atomic motion. Damping behavior of QE was observed at greater time-scales. The periodic behavior of QE due to atomic motion became modest under the environmental effects. The ID and thermal environment were found to suppress the non-classical effects of the quantum system. However, QE and QFI saturated to a lower level for longer time-scales under these environments in the absence of atomic motion.It is ought to be mentioned that the thermal environment induce decaying of the QE faster as compared to the decay induced by the ID when the atomic motion was not present. Based on [64] , the results of our numerical calculations show that two two-level atomic systems are more robust against the variations in the chosen parameters. Finally, it was revealed that the presented system can be useful for generating and maintaining QE between the two two-level atoms in the presence of these environments.
We studied the dynamics of QE and QFI for two two-level atomic systems under the influence of a Stark shift and a non-linear Kerr medium. The time evolution of QFI and QE for two two-level atomic system influenced by the Stark effect and the non-linear Kerr-like medium was investigated. It was observed that the Stark effect and the non-linear Kerr medium play dominant roles during the time evolution of the quantum system. The effect of the non-linear Kerr medium was found to be more prominent on the QE as compared to the QFI in the absence of atomic motion. It was seen that the non-linear Kerr medium plays a dominant role during the time evolution of the quantum system. The periodic behavior of QFI and QE was further suppressed under the effect of the non-linear Kerr medium. These results show the strong dependence of QFI and QE on the non-linear Kerr medium. It was concluded that, at higher Kerr parameter values, QE decreases, as compared to lower values. However, the non-linear Kerr medium has no prominent effect on QFI, at either higher or lower Kerr parameter values. In the presence of atomic motion, both QFI and VNE show periodic behavior. Similarly, the Stark effect strongly influences the QE of two two-level atoms. In the absence of atomic motion, at higher β values, the QE is sustaining, but at smaller values, it is decreasing. In the presence of atomic motion, QFI and VNE show periodic response at different β values, so increasing β in the presence of atomic motion does not effect the QE. The QFI and QE evolves with time as we increase the Stark effect parameter. Finally, the quantum system was found to be highly sensitive to these environmental influences.
